Ledure 11 ( March 2, 2016)
_ineanizaton X=Ax
Ais o Hurwdz wdnx (sta bi/»y mafrx) i Re di<o.
The Ofigin of x=Ax is as £ A is Hutz.
Lt V= x_rP:x> with P>0. Then,
Ve Px 4+ xTPx = ZPA+ATP)X = _x @x
Where @ is SYymmelvic %  satistes H\e“LgaPanoV equaﬁonﬂ (L.E) .
PA+A P=—q (LE)

Theoter 4. A s Harwidz FE For any &0, 3P>0 Hat
SafisHes Lg,yppmon/ equation. T A s Huwitz ., Pos unique soution
of LE).

Posilive definifeness vequitement on @ can relax to o pesitive
semidefinife matax of the form Q= e Where (A0 is
cbservable, ;<. CeA+x=u ¥t if? x=o0 (Exe 4 21)

Pret  soPhcency Hom Thm 4.1, (V= _x'@x <o)

Assume A s Hurwilz (Re Ai <o, For A).

choice & P. Lot P Jo'* vaTt@_ eAt J 6 Jsom P _tK-\ez\i-l')
o Tis symmetric. (@ >0 = @=L

o Pis Posifive definife. Suppose P s V\iJ’ positike. defimte  Then

J x=#0 st XPx =0 = fg:iti{t_u‘ at =o

= B V ’ Rt

= x=o0 covivadiction.

leg_ P in LE.



=) -+ C T +
PA+ATP = e"‘*@eAtA&+j Attt dt
Oc‘: — .
T r + 1+ (oo <R€>\(<O\
:—j _:_1[,_5 eAt@eA dt _—_eA QeA , —®
4]

= P is a solution O'ﬁ LE. Next we show Ho.& P: un.que
Suppose }'5' # P Js another sofuton of LE.
> P-F)A+A (P-F) =o

Pe % Pas+ VV\U\H'iPIg_ bg_ e—AT-t &eAt o 84-

-

b= [-F) A +AT(P_§)]eAf= i iegt P M)

= eAt (P_f;) eA{ = COY\S’\‘o«V\"' '\d"\:.

Since =t t=o0, e =1, we hovw
~ - ~ + ~
P-T = Q.Atq:"?> eA —0 = P=F.

as 'I‘.—;o-a

psetulness of Fhis Ldvmpan oV Lunction :

Tden /s that For any Hurwitz matax A, can wnstud a Lgafmov
/fmnc'f/bn. “This then becomes usefu) for Sfquot/hﬂ sfaéf//'éz oF linear
Sd"1s7fgms with ,Dossiéﬁ Non hnear ,Derfwba%'an.

L;mf)anov's indirec! mefhod

Theorem 4.7 (Yelated # HarTran — Gvobman ),

Lej Xx=0 Ae an e‘{' ]Dt ]eor' 32=72<x)/ where fD.eRh )S C’&
D s a /)ezjébaerac/ o'JZ 7‘1;6 ongm. Lej' /]—: ,2_){ (X)))(_—_-o . —n\en
J) e origm s as. EA s Hurw 12 .

2. e orgm is unstable /E Re Ji >0 #r one or more oA the
@geﬂwl«es 2



P roo]—p @ First check #u?t

-ﬁ(x):_ Ax-l- ?(x) & M‘X)l\ —>0 a&s ”7()] 0.
x|l

_SM/DIDO.Se /1— S ]L/urwifz. Lef'Q be Pasz'//W_ c/eﬁ'n/fe Y ngmejf/c
matrix and P the uni7ue solupon ot L) Let \/(X):);rPX.—ﬁmn
V= x Px 4 = Px
5 PPoo 4 Flexi P
x P (Ax—+ g o) 4+ ( X TAT, gT<x))Fx
— X' (PA + AT P))c -+ xTPg ) +g—r(:z> P
= - X' Qx + xTFg @) +9'(x) Px

el —>0 as lIxl—so_ 'ﬁcr an} 50, 3 v>o0 s+
JIx0

lgooll 2% IxI, ¥ Ix) <r
V< -x&x + [ 2x"Pgeo ]

< —x'@x o+ 21X P) ligeo) ¥ IxI<r
< _x'Qx 4+ 2% IP). I ™
< = wn (@ I o 28 1P
= —( Dmin@ —281P)) Jxl”

Pick ¥ st Xmin(@) > 2% P

Then V<o, Por Ixlcr = o0 as.

XZ O
@ Find non -—S/'ngu/ar T s+ '[:'AT___ <—§\ ’C&’_) (Al Hurwi-h_)

Chd%e coordinates: 2= = (3
~ 2=Tx=TAT 2 L T9(77'2
2 =- A2+ 4 (2
Ga= Ai2e 43 ()

=

=

Sthce




where For anq 56, ] g?m[l <vsIR), VI2i<r, 1=)2
To show 2=06 is unstable. (eg x=0), APF/} “Thm 4.3
Let @150, Q1po and P >0, PaS0  wohere

PiAL+ AT R = — Qi =12
Lt Ve = 27R2, - 2, PBZs — ZT[P' 0 ] 2

o-F,

Clear lg wken %:0) V@) >0 at |°oin‘fs arbi%mraol Close ‘/7;_ 7"/)@. orgm,

Let U=% 2 h:{"} J2)l < and V@>0}
L—z,&—Zz ave \Jectors <’7'_;z> c Rn> _r 2,
In N we wanT fo Show Haat {/70 . (lh Scalar Case)

\7:.- Z_TP; é-( —-}-’Z.;TP(Z; - (Z—: Pzéz -\-él: EZQD
— 2 P <——A)'Z; —F 37/2» + (~27A17+271(2)) P2

_,j ‘22—’-?2 (ALZ'Z _,.3; (%)) —+ (EZA;— +g;r(2)> Pg_%g}

_ —z( ?;Al-\—Au—rFD 21—z, ( RA+AR) 2.
+ 22/ P G2 —2 2 P g (@

u WeS)
= 21 Q% _\_%;rq)z Za 4 2%‘7‘ ff’?ﬁi@)

2 ~ 2 ~ 2 ’Zﬂ-
> \Amin (6?) N2l 4 Amin(Qa) ”,1,4)2_ 2 |2l (H pdh ) + | anau)
2 2 2 ’/2_
> mind Jmin @), \min (@zﬁ 21l —2 )2 CZ AN )
)2

=)y

2 C 2 4
s> R - 202 (2 max iHP:/}/ HP-'L//} g 1))
- B= ~

= (- 2vz p¥)I2)

Choose ¥ s4. o—2{2RS >0 . Then Vso in\. B



Stabifization Vie Linearization

x=Fow, £co,0) =0
and fen) d in adomain Dy xDu = R'x R Hat cortains He
ongin (X=0, U=0)

Problem: Design a state feed back cortro] Jaw n= V) o
Stibilize the system.
Linearizafion about The ongin gives X = AxyPu

= 22 (x,w - _ofF
/A‘ X (x) [7(;:0) Ao ’ = —

Gow l X=0, A\=0

Stbilizing Feed back

Assume (A,B) ys Contro llable (or af least stabilizable). Design

K s+ A-BK ;s Huwitz. Let u= =k x . Then, the closed \oop
systen s ¢ = P, —1ka) . Linearization abowt x=0 gives

= (A-BK)X . By Thm 4F. Ovigin 1S Mot a.s.(ln Lact, oy Thm
241> (s exponentially stable)

Can ¢even ;Z,na[ Lélf\/oomol/ %uncﬁon 70 Prove it Aﬁ— choa_sjyg— RS0 £
So’Vinj_ Zor P>0 From LE  P(A-RK) + A-BRK7 P=_-&
“Then V=x' Px . Can enven tse thic To eshirmate (RP\\ 4



